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The decay J/ψ → γφφ: spin dependence of amplitude and angular distributions of
photons with linear polarizations.
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Based on the effective invariant amplitudes of the transitions J/ψ → γX(JP ) and X(JP )→ φφ,
the spin dependence of the J/ψ → γX(JP ) → γφφ decay amplitude is obtained in the case of the
intermediate resonances X with JP = 0±, 1±, 2±. Angular distributions of photons with the definite
linear polarizations relative to the plane spanned by the momentum of initial electron and the total
momentum of the φφ pair in the reaction e+e− → J/ψ → γX(JP ) → γφφ are calculated. It is
shown that the sign of the asymmetry of the distributions of the photons polarized in the above
plane and orthogonal to it correlates with the signature PX(−1)
JX of the X resonance with given
spin-parity JPX
X
so it may help to establish this quantum number in a way which does not depend
on the specific model of the X(JP )→ φφ amplitude.
I. INTRODUCTION
The study of decay J/ψ → γφφ [1–4] is of interest in
view of the possible existence of exotic glueball states
decaying into the φφ pair [5–8]. The spin-parity quan-
tum numbers of resonance states decaying into φφ are
reported to be JP = 0+, 0−, and 2+ [3, 4, 9]. How-
ever, the unit spin assignment cannot be excluded for
all states with masses mX < mηc because the γγ decay
mode ruling out the state J = 1 [10, 11] is seen only
in the case of the f2(2300) resonance [9, 12, 13]. Note
that the spin-parity assignment JPC = 1−+ is of special
interest since it is forbidden in the qq¯ model, hence the
resonance with such quantum numbers is explicitly ex-
otic differently from the one with the quantum numbers
JPC = 0±+, 1++, and 2±+ which can be either the qq¯
state or crypto-exotic one [14].
As it was pointed out, the φφ decay mode could be
useful for the determination of the parity of resonances
decaying to the above final state [14–16]. The basic idea
was to exploit an analog of the Yang test [17] by mea-
suring the distribution over the angle between the decay
planes spanned by the momenta of K+ and K− mesons
from the decay φ → K+K−. But, in the Yang test,
the decay planes of e+e− pairs from the decay chain
π0 → γγ, γ → e+e−, are clearly distinguishable. In
the meantime, the final φ mesons in the decay X → φφ
are relatively slow, hence there is strong interference be-
tween the amplitudes M(X → φφ → K+p1K−p2K+p3K−p4)
with the permutations of the kaon momenta p1 ↔ p3
and p2 ↔ p4 so that the K+K− decay plane cannot
be attributed to the specific φ meson. A possible way
to overcome this difficulty was suggested in Ref. [14].
It is based on the idea to determine the parity of the
φφ state by making the direction-polarization correlation
measurements with the linearly polarized photons in the
reaction e+e− → J/ψ → γX → γφφ.
∗
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In the present work, we study theoretically a differ-
ent way to exploit the linearly polarized photons for the
purpose of the signature determination of resonances in
φφ system. To this end, based on the effective invari-
ant amplitudes of the transitions J/ψ → γX(JP ) and
X(JP ) → φφ, the angular distribution is calculated of
the final photons in the reaction e+e− → J/ψ → γφφ
which are linearly polarized relative to the plane spanned
by the e+e− beam direction and the total momentum of
the φφ pair. The resulting expressions are given in terms
of independent helicity amplitudesMλJ/ψ,λγ ,λX of the de-
cay J/ψ → γX(JP ) [18] and in terms of the amplitudes of
the decay X(JP )→ φφ with given total spin and orbital
momentum of the φφ state. The cases of the spin-parity
and charge conjugation assignments JPC = 0±+, 1±+,
and 2±+ of the resonance X are considered explicitly.
Following Ref. [4], the process J/ψ → γX(JPC) → γφφ
is considered here to be dominant.
Kinematic notations are the following. The 4-
momentum assignment is
J/ψ(Q)→ γ(k)X(q)→ γ(k)φ(k1)φ(k2);
ǫµ, ǫ
(X)
µ , ǫ1µ, ǫ2µ (ξ, ξ
(X), ξ1, ξ2) are, respectively, the
polarization four-vectors of the J/ψ meson, intermedi-
ate spin one resonance X , and φ mesons (their three-
dimensional counterparts in their respective rest frames);
eµ = (0, e) stands for the polarization four-vector of the
photon, ǫµνλσ is the Levy-Civita tensor and eabc is its
three-dimensional counterpart. Corresponding polariza-
tion tensors of the spin two intermediate resonanceX are
denoted as Tµν , tij . The energy-momentum four-vector
of the φφ state in the J/ψ rest frame is q = (q0, q),
q0 =
m2J/ψ +m
2
12
2mJ/ψ
,
q = −k = −n
m2J/ψ −m212
2mJ/ψ
, (1.1)
where n stands for the unit vector in the photon direction
of motion, and m12 is invariant mass of the φφ pair. The
2energy-momentum of one of φ mesons, k1µ = (k
∗
10,k
∗
1),
in the φφ center-of-mass system, is
k∗10 =
1
2
m12,
k∗1 =
n1
2
√
m212 − 4m2φ, (1.2)
with n1 being the unit vector in the φ meson direction
of motion. In what follows,
DX(JP )(m
2
12) = m
2
X(JP ) −m212 − im12
[
ΓX(JP )→φφ(m12) +
∑
ΓX(JP )→nonφφ(m12)
]
(1.3)
will stand for the inverse propagator of the resonance
X(JP ); the energy dependence of the φφ decay mode is
included explicitly while width ΓX(JP )→nonφφ(m12) takes
into account other possible decay modes.
Further material is organized as follows. The J/ψ →
γX(JP ) → γφφ decay amplitudes for the X resonance
with spin-parities JP = 0±, 1±, and 2± are given in
Sect. II. Angular distributions of the linearly polarized
photons in the reaction e+e− → J/ψ → γX(JP )→ γφφ
and their asymmetry are calculated in Sect. III. Section
IV is devoted to the numerical estimates of the magni-
tude of above asymmetry using the results of fits [19]
of the data [4] on the reaction e+e− → J/ψ → γφφ.
Discussion and concluding remarks are given in Sect. V.
Expressions for invariant amplitudes with their three-
dimensional counterparts, the partial widths of the de-
cays X(JP ) → φφ, the procedure of derivation of the
averaging over φφ mass spectrum, and some additional
details are given in appendices.
II. AMPLITUDES
Here we follow the method of obtaining the expres-
sions for amplitudes outlined in Ref. [19]. Schematically,
each amplitude, MJ/ψ→γX(JP ) and MX(JP )→φφ is writ-
ten in the respective rest frame, J/ψ and X(JP ), so that
the sum over polarizations (if any) of the intermediate
resonance X(JP ) can be fulfilled simply in terms of the
Kronecker delta symbols∑
λX
ξ
(X)
i ξ
(X)
j = δij (2.1)
in case of X(1±) and
∑
λX
tijtkl =
1
2
(δikδjl + δilδjk)− 1
3
δijδkl ≡ Πij,kl (2.2)
in case of X(2±). Let us give the expressions for the
amplitudes M (J
P ) ≡ MJ/ψ→γX(JP )→γφφ in terms of in-
dependent helicity amplitudes M
(JP )
λJ/ψ,λγ ,λX
of the decay
J/ψ → γX(JP ) [18] and in terms of the X(JP ) →
φφ decay amplitudes f
(JP )
SL with given spin S and or-
bital angular momentum L of the φφ state. Necessary
expressions for the invariant amplitudes MJ/ψ→γX(JP )
and MX(JP )→φφ with the lowest admissible powers of
momenta and their respective three-dimensional coun-
terparts side by side with the relations expressing
M
(JP )
λJ/ψ,λγ ,λX
and f
(JP )
SL via effective coupling constants
and kinematic factors are given in Appendix A. One has
M (0
+) =
M
(0+)
1,1,0(ξe)
DX(0+)(m
2
12)
[
f
(0+)
00 δab + f
(0+)
22 n1an1b
]
×
ξ1aξ1b (2.3)
in the case of JP = 0+;
M (0
−) =
iM
(0−)
1,1,0f
(0−)
11
DX(0−)(m
2
12)
(ξ[e× n])eabcn1cξ1aξ2b (2.4)
in the case of JP = 0−;
M (1
+) =
f
(1+)
22
DX(1+)(m
2
12)
{
M
(1+)
1,1,0(ξ[e× n])nc−
M
(1+)
0,1,1(ξn)[e× n]c
}
(ecadn1b + ecbdn1a)×
n1dξ1aξ1b (2.5)
in the case of JP = 1+;
M (1
−) =
f
(1−)
11
DX(1−)(m
2
12)
{
M
(1−)
1,1,0(ξe)[n× n1]c−
M
(1−)
0,1,1(ξn)[e× n1]c
}
eabcξ1aξ1b (2.6)
in the case of JP = 1−;
M (2
+) =
{
1
2
(√
6M
(2+)
1,1,0 −M (2
+)
−1,1,2
)
(ξ · e)ninj−
M
(2+)
−1,1,2ξ⊥iej −
√
2M
(2+)
0,1,1(ξ · n)einj
}
×[
f
(2+)
20 δkaδlb + f
(2+)
02 δabn1kn1l+
f
(2+)
22 (n1aδkb + n1bδka)n1l+
f
(2+)
24 n1an1bn1kn1l
] Πij,klξ1aξ2b
DX(2+)(m
2
12)
. (2.7)
3in the case of JP = 2+;
M (2
−) = i
{√
2M
(2−)
0,1,1(ξn)[n× e]inj +
√
3
2
M
(2−)
1,1,0×
(n[ξ⊥ × e])ninj + 1
2
M
(2−)
−1,1,2 (ξ⊥i[n× e]j+
[n× ξ]iej)}
(
f
(2−)
11 ekab + f
(2−)
13 eabcn1cn1k
)
×
Πij,kln1l
DX(2+)(m
2
12)
× ξ1aξ2b. (2.8)
in the case of JP = 2−. The quantity DX(JP )(m
2
12) in
the J/ψ → γX(JP )→ γφφ decay amplitudes Eqs. (2.3),
(2.4), (2.5), (2.6), (2.7), and (2.8) is the inverse propaga-
tor of the X(JP ) resonance given by Eq. (1.3).
Using Eqs. (2.3), (2.4), (2.5), (2.6), (2.7), and (2.8) for
the specific X(JP ) resonance contribution one can write
the full amplitude as the sum of these expressions and
study the coherence properties of these contributions to
the total J/ψ → γφφ decay width. The direct calcula-
tion of the final probability distribution shows that, when
summed over polarizations of the final φmesons but keep-
ing fixed their direction of motion, the vanishing ones are
all interference terms with opposite space parities. The
nonvanishing ones are (0+−2+), (0−−2−), (1−−2−), and
(1+−2+). Among them, the (0+−2+) and (0−−2−) in-
terference terms are proportional to n1kn1l−δkl/3. They
vanish after integration over φφ phase space because the
averaging over the φ meson direction of motion is fulfilled
with the help of the relation
〈n1in1j〉 ≡
∫
n1in1j
dΩn1
4π
=
1
3
δij . (2.9)
The (1+ − 2+) interference term, after summation over
polarizations of both φ mesons, is proportional to (e ·
n1)nkn1l− (n ·n1)ekn1l which, after integration over n1
with the use of Eq. (2.9) reduces to eknl − ennk and
also vanishes after multiplication by the tensor Πij,kl
which is symmetric in both pairs of indices, ij and kl.
The (1−− 2−) interference term contains two structures,
[n × n1]kn1l and [e × n1]kn1l. After integration over
n1 with the help of Eq. (2.9) they reduce to, respec-
tively, ǫaklna and ǫaklea and vanish being multiplied by
the tensor Πij,kl symmetric in kl. So, after summation
over polarizations and integration over n1, the probabil-
ity distribution
dσe+e−→J/ψ→γφφ
dΩndm12
can be represented as the incoherent sum of contributions
with the different quantum numbers.
III. ANGULAR DISTRIBUTIONS FOR
LINEARLY POLARIZED PHOTONS
Let us find the angular distribution of the polarized
photons in the reaction e+e− → J/ψ → γX → γφφ. To
be specific, we will use for the above quantity the expres-
sion for the differential decay width of the transversally
polarized J/ψ meson assuming the single X resonance in
the intermediate state. The direct calculation (see Ap-
pendix C for the nontrivial particular case) shows that
in all cases of our interest it can be written in the form
of the averaging over φφ mass spectrum,
dΓJ/ψ→γX→γφφ
dΩγ
=
1
π
∫ m2J/ψ
4m2
φ
m12ΓX→φφ(m
2
12)
|DX(m212)|2
× dΓJ/ψ→γX
dΩγ
dm212 ≡
〈
dΓJ/ψ→γX
dΩγ
〉
, (3.1)
where it is assumed that both ΓJ/ψ→γX→γφφ and
ΓJ/ψ→γX correspond to the partial widths with the given
polarization states of the J/ψ meson and photon (that
is, neither the averaging over the J/ψ meson spin projec-
tion nor the summation over the photon polarization are
fulfilled). In what follows, the shorthand notation
a
(JP )
λJ/ψ,λγ ,λX
≡ 1
π
∫ m2J/ψ
4m2
φ
m12ΓX(JP )→φφ(m
2
12)
|DX(JP )(m212)|2
×
∣∣∣M (JP )λJ/ψ,λγ ,λX
∣∣∣2 |k|dm212 (3.2)
will be used where M
(JP )
λJ/ψ,λγ ,λX
are the helicity ampli-
tudes of the radiative decay J/ψ → γX(JP ) to the X
resonance with given spin-parity JP and with the spe-
cific helicities of the particles involved. See Eqs. (A2),
(A4), (A6), (A8), (A13), and (A15).
Let us specify the coordinate system. The electrons
move along the z axis, the plane spanned by the momenta
(pe− ,k) is the xz plane, so that n = (sin θγ , 0, cos θγ).
Of our primer interest are the angular distributions over
the polar angle of the photon θγ , in case of its linear
polarizations in the reaction e+e− → J/ψ → γφφ. The
vectors of two linear polarization states in this system
are chosen in the form
e1 = (0, 1, 0),
e2 = (− cos θγ , 0, sin θγ). (3.3)
4They have the properties e21,2 = 1,
[e1 × e2] = n, (3.4)
and other two relations obtained by the cyclic permu-
tations of the latter. As is evident from the above ex-
pressions, e1 is orthogonal to the (pe− ,k) plane while e2
lies in this plane. One can equivalently characterize the
above plane as the plane spanned by the momentum of
initial electron and the total momentum of the φφ pair.
Since the J/ψ meson is produced in e+e− annihilation,
it has only two spin projections λJ/ψ = ±1 on the direc-
tion of motion of the initial electron. This will be taken
into account using the summation rule
∑
λJ/ψ=±1
ξ
(λJ/ψ)
i ξ
(λJ/ψ)
j = δij − δi3δj3. (3.5)
We calculate the asymmetry in the form
A(J
P )(θγ) =

〈dΓ(1)J/ψ→γX(JP )
dΩγ
〉
−
〈
dΓ
(2)
J/ψ→γX(JP )
dΩγ
〉

〈dΓ(1)J/ψ→γX(JP )
dΩγ
〉
+
〈
dΓ
(2)
J/ψ→γX(JP )
dΩγ
〉
−1
, (3.6)
where the superscript (1,2) refers to the photon polariza-
tion vector e1,2, respectively. Notice that the quantity
in the denominator of Eq. (3.6) is proportional to the
probability to emit unpolarized photon.
Let us go to the presentation of the angular distribu-
tions of the linearly polarized photons. In what follows,
the shorthand notation
dΓ(J
P )
dΩγ
≡ dΓJ/ψ→γX(JP )→γφφ
dΩγ
. (3.7)
is used. It is also assumed that the sum over λJ/ψ goes
over ±1.
(a) X = 0+. One obtains from Eq. (2.3) that
∑
λJ/ψ
|MJ/ψ→γX(0+)|2 =
∣∣∣M (0+)1,1,0∣∣∣2 (e2 − e2z). (3.8)
The angular distribution of the linearly polarized photons
is written in the form
dΓ(0
+)
dΩγ
= Ba
(0+)
1,1,0 ×
{
1, e = e1,
cos2 θγ , e = e2.
(3.9)
Hereafter
B =
1
(8πmJ/ψ)2
(3.10)
is the normalization factor which includes the division by
four due to both the averaging over two transverse polar-
izations of the J/ψ meson produced in e+e− annihilation
and the identity of the final φ mesons. The asymmetry
Eq. (3.6) is
A(0
+)(θγ) =
sin2 θγ
1 + cos2 θγ
> 0. (3.11)
(b) X = 0−. The sum over polarizations and the an-
gular distribution in the present case look, respectively,
like
∑
λJ/ψ
|MJ/ψ→γX(0−)|2 =
∣∣∣M (0−)1,1,0∣∣∣2 ([n× e]2 −
[n× e]2z) (3.12)
and
dΓ(0
−)
dΩγ
= Ba
(0−)
1,1,0 ×
{
cos2 θγ , e = e1,
1, e = e2.
(3.13)
The asymmetry Eq. (3.6) in the present case is
A(0
−)(θγ) = − sin
2 θγ
1 + cos2 θγ
< 0. (3.14)
The signs of the asymmetry of the linearly polarized pho-
tons are opposite for the scalar and pseudoscalar X reso-
nances. The normalized angular distribution of unpolar-
ized photons is
dW0±
d cos θγ
=
3
8
(1 + cos2 θγ). (3.15)
It is the same for the spinless X resonances with opposite
space parities.
(c) X = 1+. In this case, the sum over spin projections
is
∑
λX ,λJ/ψ
|MJ/ψ→γX(1+)|2 =
∣∣∣M (1+)1,1,0∣∣∣2 ([n× e]2 −
[n× e]2z) +
∣∣∣M (1+)0,1,1∣∣∣2 ×
(1− n2z)[n× e]2. (3.16)
The angular distribution of the linearly polarized pho-
tons and the asymmetry Eq. (3.6) look, respectively, as
follows:
5dΓ(1
+)
dΩγ
= B ×
{
a
(1+)
1,1,0 cos
2 θγ + a
(1+)
0,1,1 sin
2 θγ , e = e1
a
(1+)
1,1,0 + a
(1+)
0,1,1 sin
2 θγ , e = e2
,
A(1
+)(θγ) = −a(1
+)
1,1,0 sin
2 θγ ×
[
a
(1+)
1,1,0(1 + cos
2 θγ) + 2a
(1+)
0,1,1 sin
2 θγ
]−1
< 0. (3.17)
(d) X = 1−. The corresponding sum over spin projec-
tions is
∑
λX ,λJ/ψ
|MJ/ψ→γX(1−)|2 =
∣∣∣M (1−)1,1,0∣∣∣2 (e2 − e2z) +
∣∣∣M (1−)0,1,1∣∣∣2 (1− n2z)×
e2. (3.18)
The angular distribution of the linearly polarized pho-
tons and the asymmetry Eq. (3.6) look, respectively, as
follows:
dΓ(1
−)
dΩγ
= B ×
{
a
(1−)
1,1,0 + a
(1−)
0,1,1 sin
2 θγ , e = e1,
a
(1−)
1,1,0 cos
2 θγ + a
(1−)
0,1,1 sin
2 θγ , e = e2,
A(1
−)(θγ) = a
(1−)
1,1,0 sin
2 θγ
[
a
(1−)
1,1,0(1 + cos
2 θγ) + 2a
(1−)
0,1,1 sin
2 θγ
]−1
> 0. (3.19)
The signs of the asymmetry are opposite for the vector
and axial vector X resonances while the angular distri-
bution of unpolarized photons,
dW1±
d cos θγ
=
3[a
(1±)
1,1,0(1 + cos
2 θγ) + 2a
(1±)
0,1,1 sin
2 θγ ]
8[a
(1±)
1,1,0 + a
(1±)
0,1,1]
, (3.20)
is the same in cases of the spin one X resonances with
opposite space parities. One can observe that in the cases
of spin zero and spin one resonances the expressions for∑
λX ,λJ/ψ=±1
|MJ/ψ→γX |2 for opposite space parities are
related by the interchange e ↔ [n × e]. This is not the
case for the tensor resonances. See below.
(e) X = 2+. The modulus squared of the J/ψ →
γX(2+) transition amplitude summed over polarizations
of the tensor X resonance is∑
λX
∣∣MJ/ψ→γX(2+)∣∣2 = ∣∣∣M (2+)1,1,0∣∣∣2 (ξ · e)2 +
∣∣∣M (2+)0,1,1∣∣∣2 (ξ · n)2e2 +
1
2
∣∣∣M (2+)−1,1,2∣∣∣2 ξ2⊥e2, (3.21)
so that
∑
λX ,λJ/ψ
∣∣MJ/ψ→γ(2+)∣∣2 = ∣∣∣M (2+)1,1,0∣∣∣2 (e2 − e2z) +
∣∣∣M (2+)0,1,1∣∣∣2 (1 − n2z)2e2 +
1
2
∣∣∣M (2+)−1,1,2∣∣∣2 (1 + n2z)×
e2. (3.22)
Using this expression and Eq. (3.3) one obtains the an-
gular distributions and asymmetry:
dΓ(2
+)
dΩγ
= B
[
a
(2+)
0,1,1 sin
2 θγ +
1
2
a
(2+)
−1,1,2(1 + cos
2 θγ) + a
(2+)
1,1,0 ×
{
1, e = e1,
cos2 θγ , e = e1,
]
,
A(2
+)(θγ) = a
(2+)
1,1,0 sin
2 θγ
[(
a
(2+)
1,1,0 + a
(2+)
−1,1,2
)
(1 + cos2 θγ) + 2a
(2+)
0,1,1 sin
2 θγ
]−1
> 0. (3.23)
(f) X = 2−. The modulus squared of the J/ψ →
γX(2−) decay amplitude summed over polarizations of
the tensor X resonance and this quantity summed over
the transverse polarization states of the J/ψ meson are,
respectively,
∑
λX
∣∣MJ/ψ→γX(2−)∣∣2 = ∣∣∣M (2−)1,1,0∣∣∣2 (ξ · [e× n])2 +
6∣∣∣M (2−)0,1,1∣∣∣2 (ξ · n)2[e× n]2 +
1
4
∣∣∣M (2−)−1,1,2∣∣∣2
(
1
2
ξ2⊥[e× n]2+
1
2
e2[n× ξ]2 + (ξ · [e× n])2+
(ξ · e)2) , (3.24)
and∑
λX ,λJ/ψ
∣∣MJ/ψ→γX(2−)∣∣2 = ∣∣∣M (2−)1,1,0∣∣∣2 ([e× n]2−
[e× n]2z
)
+
∣∣∣M (2−)0,1,1∣∣∣2 ×
(1− n2z)[e× n]2 +
1
4
∣∣∣M (2−)−1,1,2∣∣∣2
[
1
2
(3 + n2z)×(
[e× n]2 + e2)−
[e× n]2z − e2z
]
. (3.25)
Note that differently from the spin zero and spin one
cases, there are the terms in Eqs. (3.21) and (3.24) that
are not related by the interchange e↔ [n×e]. One finds
from Eq. (3.25) the angular distributions of the linearly
polarized photons with e = e1 and e = e2 and their
asymmetry the following expressions:
dΓ
(2−)
1
dΩγ
= B
[
a
(2−)
0,1,1 sin
2 θγ +
(
a
(2−)
1,1,0 +
1
4
a
(2−)
−1,1,2
)
cos2 θγ +
1
4
a
(2−)
−1,1,2(2 + cos
2 θγ)
]
,
dΓ
(2−)
2
dΩγ
= B
[
a
(2−)
0,1,1 sin
2 θγ + a
(2−)
1,1,0 +
1
4
a
(2−)
−1,1,2 +
1
4
a
(2−)
−1,1,2(2 + cos
2 θγ − sin2 θγ)
]
,
A(2
−)(θγ) = −a(2
−)
1,1,0 sin
2 θγ
[(
a
(2−)
1,1,0 + a
(2−)
−1,1,2
)
(1 + cos2 θγ) + 2a
(2−)
0,1,1 sin
2 θγ
]−1
< 0. (3.26)
The normalized angular distributions of the unpolarized photons in the present case is
dW2±
d cos θγ
=
3
8
×
[
(a
(2±)
1,1,0 + a
(2±)
−1,1,2)(1 + cos
2 θγ) + 2a
(2±)
0,1,1 sin
2 θγ
]
×
[
a
(2±)
1,1,0 + a
(2±)
−1,1,2 + a
(2±)
0,1,1
]−1
. (3.27)
It looks the same in cases of the spin two X resonances
with opposite space parities.
To summarize this section, one can say that, with the
chosen orientations of the linear polarizations of the pho-
ton (orthogonal to the plane spanned by direction of the
e+e− beam axes and the momentum k or lying in this
plane), the sign of the asymmetry Eq. (3.6) coincides with
the signature σX = PX(−1)JX of the X resonance with
spin-parity JPXX .
IV. ASYMMETRY ESTIMATES USING
AVAILABLE DATA
Let us estimate the possible magnitude of asymmetry
using the recent data [4] on disentangling the X(JP ) res-
onance contributions to the e+e− → J/ψ → γX(JP )→
γφφ reaction amplitude. The authors of Ref. [4] re-
stricted their analysis by the resonances with quantum
numbers 0± and 2+. As is evident from Eqs. (3.11)
and (3.14), in case of the spin zero resonances the asym-
metry shown with the dotted and dash-dotted lines in
Fig. 1 does not depend on the dynamical details. Further
treatment requires the knowledge of the magnitudes of
coupling constants parameterizing invariant amplitudes.
They can be found in Ref. [19]. Taking into account the
fact that the 0+ and 0− contributions do not interfere,
see the last paragraph in Sec. II, the asymmetry due to
the combined spin zero component is
A(0
++0−)(θγ) =
sin2 θγ
1 + cos2 θγ
× N
0+ −N0−
N0+ +N0−
=
−0.84 sin
2 θγ
1 + cos2 θγ
. (4.1)
Hereafter N (0
+) = 63 and N (0
−) = 708 are the central
values of the relative production rates of the scalar and
pseudoscalar components of the φφ mass spectrum found
in Ref. [19] when fitting the data Ref. [4].
The asymmetry A(2
+)(θγ), in case of the pure 2
+ reso-
nance evaluated with the parameters obtained in Ref. [19]
is shown in Fig. 1 with the dashed line. Its maximum
7value is
A(2
+)
max =
a
(2+)
1,1,0
a
(2+)
1,1,0 + a
(2+)
−1,1,2 + 2a
(2+)
0,1,1
= 0.10± 0.02. (4.2)
It is useful to evaluate the integral asymmetry A
(2+)
int =
(Γ1−Γ2)/(Γ1+Γ2) where Γ1,2 corresponding to the two
linear polarizations e1,2 are obtained from Eq. (3.23) by
integrating over solid angle. The result is
A
(2+)
int =
1
2
× a
(2+)
1,1,0
a
(2+)
1,1,0 + a
(2+)
−1,1,2 + a
(2+)
0,1,1
=
0.07± 0.01, (4.3)
to be compared with A
(0±)
int = ±1/2 evaluated in case of
the 0± resonances.
The above estimates were obtained in case of pure con-
tributions with given spin. One can go further and eval-
uate the asymmetry in case when the contribution of the
sum of theX(0−), X(0+), X(2+) resonances is taken into
account. As is shown in Sec. II, the interference between
them disappears after integration over φφ mass spectrum
so that the asymmetry in this case looks like
A(θγ) = sin
2 θγ

N (0+) −N (0−) + Na(2
+)
1,1,0
12πm2J/ψ

×
{
(1 + cos2 θγ)
[
N (0
+) +N (0
−) +
N
12πm2J/ψ
×
(
a
(2+)
1,1,0 + a
(2+)
−1,1,2
)]
+
Na(2+)0,1,1
6πm2J/ψ
sin2 θγ


−1
.(4.4)
The factor N in the above expression originates
from the fact that only relative production rates
ΓJ/ψ→γX(JP )→γφφ found in Ref. [19] can be extracted
from the fits of the BESIII data [4]. The dimension of N
is GeV−1; the products N 1/2g(1,2,3)J/ψγX(2+) for the radiative
coupling constants necessary for numerical evaluation of
the quantities a
(2+)
λJ/ψ,λγ ,λX
can be found in Ref. [19]. The
plots of A(θγ) for some particular cases are shown in
Fig. 1.
V. DISCUSSION AND CONCLUSION
The question of determining parity of the X reso-
nances with masses below mηc produced in the decay
chain J/ψ → γX → γφφ is crucial for establishing their
nature [14–16]. The measurements of angular distribu-
tions of the circularly polarized photons and of the un-
polarized ones have the same form for the resonances
with opposite space parities. However, as is shown in
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FIG. 1. Asymmetry (4.4) in the angular distributions of the
linearly polarized photons in the reaction e+e− → J/ψ →
γφφ calculated using the resonance parameters extracted [19]
from the BESIII data [4].
Sec. III, the angular distributions of the photons polar-
ized in the plane spanned by the momenta of the electron
and photon (equivalently, the total momentum of the φφ
pair) in the reaction e+e− → J/ψ → γX → γφφ and
perpendicular to this plane are different. The signs of
the asymmetry Eq. (3.6) are model independent and are
correlated with the signature σX = PX(−1)JX of the res-
onance X , providing the above decay chain is the dom-
inant mechanism of production of the γφφ state. With
the choice corresponding to Eqs. (3.3) and (3.6), they are
positive (negative) for the X resonance with the signa-
ture σX = +1(−1). This method of determination of the
signature based on the analysis of angular distributions
of the linearly polarized photons could be complement
to the standard partial wave analysis since it does not
depend on the specific model of the amplitude. However,
the calculation of the asymmetry magnitude requires the
knowledge of the dynamical information. Note in this re-
spect that it is not excluded that the coupling constants
entering the effective invariant amplitudes MX(JP )→φφ
in Appendix A could be the functions of momenta de-
scribing sophisticated contributions, for example, those
described by the triangle diagrams [24]. To be sure,
the transition X(JP ) → φφ followed by the reaction
φφ→ φφ going via the η, η′ exchanges, by the unitarity
relation, results in appearance of imaginary parts of the
triangle diagrams, hence the phases, of the effective cou-
plings. However, the corresponding triangle diagrams do
not possess the decay kinematics so the so called triangle
singularities are absent in the process under considera-
tion.
The method of measurement of the linear polarization
of photons by the e+e− pair production in the field of
heavy nuclei was proposed in Refs. [20, 21]. It is based on
studying the correlation between the photon polarization
8plane and the e+e− production plane [22]. The detailed
study of this method was presented in Ref. [23] where the
calculation was done of the electron emission rate in its
dependence on the angle between the above planes. It
was shown that under the specified kinematic conditions
the preferred emission of electrons is in the photon polar-
ization plane [23]. In the context of the present work, it
seems to be not impossible to detect the e+e− pairs which
are externally produced by the photons from the decay
J/ψ → γφφ. They can be detected with the tracking
detection system to determine the momenta of electron
and positron, hence the e+e− production plane. Their
total momentum should be equal to the total momen-
tum of the four registered K+K−K+K− mesons from
the decay of the φφ pair. The preferred emission of elec-
trons in the direction orthogonal (parallel) to the plane
spanned by the vectors (pe− ,k) would point to the linear
polarization e1 (e2), respectively.
Of course, there is nothing special in the treatment of
the particular case of the decay J/ψ → γφφ considered
here. The undertaken task was motivated by available
data [4] on the decay J/ψ → γφφ. The obtained re-
sults valid under assumption that the process proceeds
predominantly as the two-step process V → γX(JP ),
X(JP ) → V1V1, JP = 0±, 1±, 2±, can be applied to any
decay of the type V → γV1V1, where V are the vector
mesons from the ψ or Υ families, and V1 = ρ, ω, φ, with
the evident replacements.
I am indebted to G. Carboni for calling my attention
to the possibility of the unit spin resonance in the φφ
system. The work was supported by the program of fun-
damental scientific researches of the Siberian Branch of
Russian Academy of Sciences no. II.15.1., project no.
0314-2019-0021.
Appendix A: The J/ψ → γX(JP ) and X(JP )→ φφ
transition amplitudes.
Let us give the expressions for the effective invari-
ant amplitudes of the transitions J/ψ → γX(JP ) and
X(JP )→ φφ with the lowest possible powers of momenta
and their 3D counterparts valid in the gauge e0 = 0,
en = 0.
(a) JP = 0+. One has
MJ/ψ→γX(0+) = −g(1)J/ψγX(0+)(ǫe) =M (0
+)
1,1,0(ξe),
MX(0+)→φφ = −g(1)X(0+)φφ(ǫ1ǫ2)−
g
(2)
X(0+)φφ(ǫ1k2)(ǫ2k1) =
f
(0+)
00 (ξ1ξ2) +
f
(0+)
22 (ξ1n1)(ξ2n1), (A1)
where
M
(0+)
1,1,0 = g
(1)
J/ψγX(0+),
f
(0+)
00 = g
(1)
X(0+)φφ,
f
(0+)
22 =
[
2g
(1)
X(0+)φφ + g
(2)
X(0+)φφm
2
12
] k∗21
m2φ
. (A2)
(b) JP = 0−. One has
MJ/ψ→γX(0−) = gJ/ψγX(0−)ǫµνλσQµǫνkλeσ =
iM
(0−)
1,1,0(n · [ξ × e]),
MX(0−)→φφ = gX(0−)→φφǫµνλσk1µǫ1νk2λǫ2σ =
gX(0−)φφm12|k∗1 | ×
(n1 · [ξ1 × ξ2]), (A3)
where
M
(0−)
1,1,0 = −igJ/ψγX(0−)mJ/ψ|k|,
f
(0−)
11 = gX(0−)→φφm12|k∗1|. (A4)
(c) JP = 1+. One has
MJ/ψ→γX(1+) = ǫµνλσkµeν
[
g
(1)
J/ψγX(1+)ǫλǫ
(X)
σ +
g
(2)
J/ψγX(1+)ǫλQσ
(
ǫ(X)Q
)
+
g
(3)
J/ψγX(1+)ǫ
(X)
λ Qσ(ǫk)
]
=
iM
(1+)
1,1,0(ξ[e× n])
(
ξ(X)n
)
−
iM
(1+)
0,1,1
(
ξ(X)[e× n]
)
(ξn) ,
MX(1+)→φφ = ǫµνλσǫ
(X)
µ
{
g
(1)
X(1+)φφǫ1νǫ2λ×
(k1 − k2)σ + g(2)X(1+)φφ [ǫ1ν(ǫ2k1)−
ǫ2ν(ǫ1k2)] k1λk2σ} =
f
(1+)
22
{(
ξ1
[
n1 × ξ(X)
])
(ξ2n1)+(
ξ2
[
n1 × ξ(X)
])
(ξ1n1)
}
, (A5)
where
M
(1+)
1,1,0 = i
[
g
(1)
J/ψγX(1+)k0 +
mJ/ψk
2
m12
×
 2g(1)J/ψγX(1+)
mJ/ψ +m12
+mJ/ψg
(2)
J/ψγX(1+)



 ,
M
(1+)
0,1,1 = i
(
−g(1)J/ψγX(1+)k0 + g(3)J/ψγX(1+)k2
)
,
f
(1+)
22 =
(
2g
(1)
X(1+)φφ +m
2
12g
(2)
X(1+)φφ
) k∗21
mφ
, (A6)
and k0 = |k|.
(d) JP = 1−. One has
MJ/ψ→γX(1−) = g
(1)
J/ψγX(1−)(ǫk)
(
eǫ(X)
)
+
g
(2)
J/ψγX(1−)(ǫe)
(
ǫ(X)k
)
=
−M (1−)0,1,1(ξn)(ξ(X)e) +
9M
(1−)
1,1,0(ξe)(ξ
(X)n),
MX(1−)→φφ = gX(1−)φφ
[
(ǫ1k2)(ǫ2ǫ
(X))+
(ǫ2k1)(ǫ1ǫ
(X))
]
=
f
(1−)
11
(
[ξ(X) × n1][ξ1 × ξ2]
)
, (A7)
where
M
(1−)
0,1,1 = −|k|g(1)J/ψγX(1−),
M
(1−)
1,1,0 =
mJ/ψ|k|
m12
g
(2)
J/ψγX(1−),
f
(1−)
11 = gX(1−)φφ
m12|k∗1 |
mφ
. (A8)
(e) JP = 2+. The amplitude J/ψ → γX(2+) looks
like
MJ/ψ→γX(2+) = −
[
g
(1)
J/ψγX(2+)(ǫe)QµQν+
g
(2)
J/ψγX(2+)(ǫk)eµkν+
g
(3)
J/ψγX(2+)ǫµeν
]
Tµν =
[g02(ξ · e)ninj + g12(ξ · n)einj+
g20ξiej] tij , (A9)
where
g02 =
m2J/ψk
2
m212
g
(1)
J/ψγX(2+),
g12 =
k2
m12

g(2)J/ψγX(2+)q0 + g
(3)
J/ψγX(2+)
q0 +m12

 ,
g20 = g
(3)
J/ψγX(2+). (A10)
The X(2+)→ φφ amplitude can be written in the form
MX(2+)→φφ =
{
g
(1)
X(2+)φφǫ1µǫ2ν + k1µk2ν
[
g
(2)
X(2+)φφ×
(ǫ1ǫ2) + g
(3)
X(2+)φφ(ǫ1k2)(ǫ2k1)
]
+
g
(4)
X(2+)φφ [ǫ1µk2ν(ǫ2k1) + ǫ2µk1ν(ǫ1k2)]
}
={
f
(2+)
20 ξ1iξ2j + f
(2+)
02 (ξ1 · ξ2)n1in1j+
f
(2+)
22 [(ξ1 · n1)ξ2i + (ξ2 · n1)ξ1i]n1j+
f
(2+)
24 (ξ1 · n1)(ξ2 · n1)n1in1j
}
tij , (A11)
where
f
(2+)
20 = g
(1)
X(2+)φφ,
f
(2+)
02 = g
(2)
X(2+)φφk
∗2
1 ,
f
(2+)
22 =
k∗21
mφ

 g(1)X(2+)φφ
k∗10 +mφ
+m12g
(4)
X(2+)φφ

 ,
f
(2+)
24 =
k∗41
m2φ

 g(1)X(2+)φφ
(k∗10 +mφ)
2
+ 2g
(2)
X(2+)φφ+
m212g
(3)
X(2+)φφ +
2m12g
(4)
X(2+)φφ
k∗10 +mφ

 . (A12)
Helicity amplitudes are expressed via the quantities
Eq. (A10) as follows:
M
(2+)
1,1,0 =
1√
6
(2g02 − g20),
M
(2+)
0,1,1 = −
1√
2
(g12 + g20),
M
(2+)
−1,1,2 = −g20. (A13)
(f) JP = 2−. The vertex J/ψ → γX(2−) looks like
MJ/ψ→γX(2−) = ǫµνλσ
[
g
(1)
J/ψγX(2−)ǫµeνTλαQαkσ + g
(2)
J/ψγX(2−)ǫµeνkλQσTαβQαQβ+
g
(3)
J/ψγX(2−)eµkνTλαǫαQσ + g
(4)
J/ψγX(2−)(ǫk)eµkνTλαQαQσ
]
=
i
{√
2M
(2−)
0,1,1(ξn)[n× e]inj +
√
3
2
M
(2−)
1,1,0(n[ξ⊥ × e])ninj+
1
2
M
(2−)
−1,1,2 (ξ⊥i[n× e]j + [n× ξ]iej)
}
tij , (A14)
where ξ⊥ = ξ − n(ξn), and
M
(2−)
0,1,1 =
imJ/ψ|k|
m12
√
2
[
−g(1)J/ψγX(2−)k0 + g
(3)
J/ψγX(2−)q0−
m12k
2g
(4)
J/ψγX(2−)
]
,
M
(2−)
1,1,0 = −i
√
2mJ/ψ|k|√
3m12
[
g
(1)
J/ψγX(2−)k0 +
mJ/ψ
m12
×
10

2g(1)J/ψγX(2−)
mJ/ψ +m12
−mJ/ψg(2)J/ψγX(2−)

k2−
m12
2
g
(3)
J/ψγX(2−)
]
,
M
(2−)
−1,1,2 = imJ/ψ|k|g(3)J/ψγX(2−). (A15)
The X(2−)→ φφ vertex can be represented in the form
MX(2−)→φφ = ǫµνλσ
{
g
(1)
X(2−)φφqµǫ1νǫ2λTσα(k1 − k2)α+
g
(2)
X(2−)φφk1µǫ1νk2λǫ2σTαβk1αk2β+
g
(3)
X(2−)φφ [(ǫ1k2)ǫ2νk1µk2λ−
(ǫ2k1)ǫ1νk2µk1λ]Tσα(k1 − k2)α+
g
(4)
X(2−)φφqµ (ǫ1νǫ2αk1σ+
ǫ2νǫ1αk2σ) Tλα} ={
f
(2−)
11 [ξ1 × ξ2]in1j+
f
(2−)
13 ([ξ1 × ξ2]n1)n1in1j
}
tij , (A16)
where
f
(2−)
11 = |k∗1 |
[
g
(2)
X(2−)φφ − 2g
(1)
X(2−)φφ
]
,
f
(2−)
13 =
|k∗1 |3
mφ
[
2m12g
(3)
X(2−)φφ −mφg
(2)
X(2−)φφ+
2g
(1)
X(2−)φφ − g(4)X(2−)φφ
k∗10 +mφ

 . (A17)
Appendix B: The X(JP )→ φφ decay widths
Using the expressions for the X(JP )→ φφ decay am-
plitudes it is straightforward to obtain the expressions
for the energy dependence of the φφ decay widths for
different spin-parities of the X resonance. They are
ΓX(0−)→φφ(m12) =
g2X(0−)→φφ
8π
|k∗1 |3,
ΓX(0+)→φφ(m12) =
|k∗1 |
16πm212
(
2
∣∣∣f (0+)00 ∣∣∣2+∣∣∣f (0+)00 + f (0+)22 ∣∣∣2
)
,
ΓX(1−)→φφ(m12) =
g2X(1−)→φφ
12πm2φ
|k∗1 |3,
ΓX(1+)→φφ(m12) =
|k∗1 |
12πm212
∣∣∣f (1+)22 ∣∣∣2 ,
ΓX(2+)→φφ(m12) =
|k∗1 |
240πm212
(
10
∣∣∣f (2+)20 + f (2+)22 ∣∣∣2+
3
∣∣∣f (2+)20 ∣∣∣2 + 2 ∣∣∣f (2+)20 + f (2+)24 ∣∣∣2+
2
∣∣∣f (2+)02 + f (2+)24 ∣∣∣2+
4
∣∣∣f (2+)02 + f (2+)22 ∣∣∣2+
4
∣∣∣f (2+)22 + f (2+)24 ∣∣∣2 − 4 ∣∣∣f (2+)22 ∣∣∣2−
6
∣∣∣f (2+)24 ∣∣∣2
)
,
ΓX(2−)→φφ(m12) =
|k∗1 |
60πm212
[
3
2
∣∣∣f (2−)11 ∣∣∣2+∣∣∣f (2−)11 + f (2−)13 ∣∣∣2
]
. (B1)
The expressions for the amplitudes f
(0+)
SL , f
(1+)
SL and f
(2±)
SL
with definite spin S and orbital angular momentum L of
the φφ state are given by Eqs. (A2), (A6), (A12), and
(A17).
Appendix C: Integrating over φφ phase space
Let us deduce the expression Eq. (3.1) for the angu-
lar distribution of the final photon in the decay J/ψ →
γX → γφφ. This equation is evidently valid in case of the
resonance X with spin zero or one. The case of JP = 2+
is considered in Ref. [19]. Let us consider here the par-
ticular case of the intermediate resonance X = 2−. We
start with the expression [9]
dΓ =
1
(2π)516m2J/ψ
|M |2|k∗1 ||k|dm12dΩ∗1dΩγ , (C1)
where |M |2 = ∑λ1,λ2 |MJ/ψ→γX(2−)→γφφ|2, for the dif-
ferential partial width of the J/ψ → γX(2−) → γφφ
decay with the fixed polarizations of the J/ψ meson and
photon. It is convenient to write Eq. (A14) in the form
MJ/ψ→γX(2−) =Mijtij . Then one obtains that
|M |2 = 2MijM
∗
i′j′Πij,klΠi′j′,k′l′
|DX(2−)|2
[∣∣∣f (2−)11 ∣∣∣2 δkk′n1ln1l′+(∣∣∣f (2−)11 + f (2−)13 ∣∣∣2 − ∣∣∣f (2−)11 ∣∣∣2
)
×
n1kn1ln1k′n1l′ ] . (C2)
The next step is to integrate over the solid angle dΩ∗1 of
the φ meson with the help of the known expressions for
the averaging over the solid angle. They are given by
Eq. (2.9) and the following expression:
〈n1in1jn1kn1l〉 = 1
15
(δikδjl + δilδjk + δijδkl).
Then, using the fact that Π is the projector,
Πij,klΠkl,mn = Πij,mn, one obtains that
dΓJ/ψ→γX(2−)→γφφ
dΩγdm12
=
MijΠij,i′j′M
∗
i′j′ |k∗1 ||k|
(2π)460m2J/ψ|DX(2−)|2
×
11
(
3
2
∣∣∣f (2−)11 ∣∣∣2+∣∣∣f (2−)11 + f (2−)13 ∣∣∣2
)
. (C3)
Since the photon angular distribution in the J/ψ →
γX(2−) decay is
dΓJ/ψ→γX(2−)
dΩγ
=
MijΠij,i′j′M
∗
i′j′ |k|
32π2m2J/ψ
and the ΓX(2−)→φφ decay width is given by the last
line in Eq. (B1), the substitution of these expressions
to Eq. (C3) followed by integration over m12 results in
Eq. (3.1).
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